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Momentum Equations in Spherical Coordinates

The coordinate axes are (A, @, Z) where A is longitude, @ is latitude,
and z is height.

Orientation of Coordinate Axes

If the unit vectorsi, j, k are now taken to be directed eastward,
northward, and upward, respectively, the relative velocity become:

V =iu+ jv+kw



Map of Earth showing lines of latitude (horizontally) and longitude (vertically)


http://en.wikipedia.org/wiki/Image:WorldMapLongLat-eq-circles-tropics-non.png

latitude is the angle between any point and the equator

a great circle is t
equator (latitude=

1B

]

degrees), with eac

1 pole

being 30 degrees north
pole 30° N; south pole

d0° 3).

The anti-meridian of

hreenwich is both

al°W and 180°L.

longitude is the angle east or west of an arbitrary point on Eart


http://upload.wikimedia.org/wikipedia/commons/d/d9/Geographic_coordinates_sphere.svg
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dx=RdA =acos¢dA

and

Thus the horizontal velocity components are

X

g _dy ~dr
dt

V=—"W=—
dt dt



The companent Equations in Spherical Coordinates

X = positive toward east
y = positive toward north
z = positive toward zenith

dx ,

Fr U wind component toward east
dy :

pm =v wind component toward north
dz . -
- =W wind component toward zenith

A= longitude OX=acosgdA
¢= latitude dy =ad§0

dz=dr r=a+z




Where unit vectors are a function of position
on the earth (not Cartesian)

The (x,y,z) coordinates system defined in this way is not a Cartesian
coordinates system , because the directions of the unit vectors depend
on their position on the earth's surface.

This position dependence of the unit vectors must be taken into account
when the acceleration vector is expended into its components on the
sphere. Thus, we write:

V
~du .dv ~dw di  df dk

— =l —+ | —+k—FU—+V—F+W—
t t t dt dt dt dt

ui +Vvj +wk

We need to determine

The unit vectors are not constan
what these are



Wefirstconsider di / dt
dﬁ % %
+u—+v +W
dt

At a point (constant x,y,z) none of ol

the unit vectors change with time so 5 =0
As one moves north or souththei O _ 0
direction experiences no change so oy B
As one moves up or down the i o
direction experiences no change so 5 =0
So: d_l — u@_l i is a function only of x

dt  ox



d a

= U—
dt  oX

From figure on right looKing

down at north pole at latitude ¢:

S| =li|on
OX=aCosgot
oi| 1
Sx| acose

This gives us the magnitude, but not the direction.
Note that isj pointed toward the center of the earth at the original point



We see ’rha’rﬁfhas components in
the j and—K directions

The unit vector describing the direction of 5] has two components:

So: ud_' _yd _u(Jsinp—kcosg) :Tutango ~u
at X acose a a
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REMEMBER V =ui +Vj +WK

Since the unit vectors are not constan

&V .~du ~dv -~dw (.utangp ~u) di dk
—=1—+]—+k—+U| ] —k— |[+V—+wWw—
at at " dt at a a at at

We still need to determine
a what these are
: o]
Let's do ¥J next

dt
G _9d, Ay WA
dt ot ox oy oz




dT:\6T/+u8_T+V8_T+ )
dt K ox oy

j does not change with time or
elevation, but does change in the x
and y directions




Lets first figure out

Look at light gray triangle in (a):

acosp=singy
or -

Dark gray triangle is shown in
a different view in (b)

So:

N\ - _ tan P Direction of
0] = ]ox OX B q s the -xdirection




Thus, with the aid of above this fig. we see that for eastward motion:

o - o
=oX/Yy

- x/(altge)




Since the vector aj | OX is directed in the hegative x direction,

éj_ﬁ_j: t9¢f

x>0 X OX a
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0\V/

at

V =ui +Vj +Wk

~du -dv ~dw (¢utango Auj ( ~utan
=1 —+]—+k—+U| ] — +V
at at at a a

Let's do %nex’r

dt




—~

dk k ok

=X +U—+V—+W
dt o\ ox oy

K does not change with time or
elevation, but does change in the x
and y directions




dk k&K
— =U—+V—
o x oy

Let's do % first
OX

OX=aol
k| =|kaa| =52
Direction of Sk is the positive | direction

ok 1- ok
9 oK _

o u
oX a oX a




dk k&K
— =U—+V—
dt X oy

—~

Let's do % next

oy
Oy =aop

k| =|kdp| = 5p

Direction of 5k is the positive | direction

dk u- v

J dt a a

QD |

&
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V =ui +Vj +nk

+Tdv+l2dW+u(TUtan¢—lzuj+v(—TUtan¢—lz
at at

a a a

o] &

dt

2
o[ _uvtango+uw)+ J¢(dv+u tango+ij+k(

a a dt a a

A Complication of Spherical Coordinates

o

U-

a

V =
+- ]
a

dt

dw_uz—VZ]

a

J



Newton's second law in an inertial coordinate system

V, . .
m% = ZForces acting on an object

Newton's second law in a spherical coordinate system

7 2 2 2
m{cll\t/+f(—wtan¢+uwj+f(u tan(p+va+E(_u M H:ZForces

a a a a a

Now let’s look at the right side of the equation!



d_V : —2[2x\7 —EVp N g, N If Vector momentum equation in
Lodt g 0 ' rotating coordinates

0
.
*
.-“‘\

" Total derivative

du _uvtan¢+uw_

dt a a
dv u’tan
u”ta ¢+VW:...

_|_
dt a a

dw u®+v®

dt a



dl:—ZQxV-—£Vp+g+F

at ™. NP

Coriolis acceleration

N ~ ~

P K
—20=xV =-20[0 cosg  sing|=(2Qvsinp—2Qwcosy)i
U \V W

—2Qusing ] + 2Qcos ok

du uvtang L uw

=2QVsinp—2QwWCcos @ +...

dt a a
2
dV+U tan(0+VW:_2Qusingo+...
dt a a
dw u’+v?
b =2QuUCcosp+...

dt a



e
—=-20xV-=Vp+§+F,

dt ~ O
\ Pressure gradient term
6 AN @ 0 6 ~
\V __p| _|_—pj—|——pk
OX oy oz
du_uvtango+uwzZQVSin(D_ZQWCOW_i@JFW
dt a  a p X
2
dv+u tan¢+VW:—ZQusingo—£5—p+...
dt a a p oy
2 2
dw_u Al =2£2ucosq)—£@+...

dt a p Oz



dV - - 1 _> =
P —202xV ——Vp+g#+F
\ Gravity
Q = —gk g is a positive scalar = 9.8 m s2 at earth's surface
du _uvtang + Y 20usin go—ZQWCOS(D—ia—p—i—...
dt a a 0 OX
2

av 2 tan§0+WV =—2QUSin§0—£@+...
dt a a 0 Oy
dw  u®+v’ op

:2Qu003¢—£——g+...
dt a p 0Z



d_V —_20x%x\ — in +3J "‘Ifr

dt P AN

~ . . . Friction
|:r = |:rxl T FFYJ T Frzk
du _UVtan¢+UWZZQVSingp—ZQWCOS(D_i@_I_Frx
gt a  a P X
2
Y nNep VW ' L
d L 5 @ 4 :—ZQusmgo——@JrFry
dt a a L ay

2 2
dW_U LA :ZQUCOS¢_£@_Q T |:rz

dt a p Oz




Momentum Equations in Spherical Coordinates

du B uv tan ¢ N uw _£@+ZQVS|n¢ ...... ZQWCOS¢_E_F

dt a d o, @XEE
2 :.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'_'_'_'_'_'_'_'_'_'_'_' """"""""""

dv+u tan¢+vw E—E@E—Zﬂusm ¢+F

dt a2 A PN

dW_u2+V2 18p: .................................................
dt & P OTh

----------

The terms proportional to 1/a on the left hand sides are called the
curvature terms; they arise owing to the curvature of the earth.

Because they are nonlinear (that is, they are quadratic in the dependent
variables) they are difficult o handle in theoretical analyses.



Any UQuestions?



