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Momentum Equations in Spherical Coordinates

The coordinate axes are (l, , z) where l is longitude,  is latitude, 
and z is height.

Orientation of Coordinate Axes

wkvjuiV ˆˆˆ 


If the unit vectors i, j, k are now taken to be directed eastward, 
northward, and upward, respectively, the relative velocity become:



Map of Earth showing lines of latitude (horizontally) and longitude (vertically)

http://en.wikipedia.org/wiki/Image:WorldMapLongLat-eq-circles-tropics-non.png


a great circle is the 

equator (latitude=0 

degrees), with each pole 

being 90 degrees north 

pole 90° N; south pole 

90° S). 

latitude is the angle between any point and the equator

longitude is the angle east or west of an arbitrary point on Eart

The anti-meridian of 

Greenwich is both 

180°W and 180°E.

http://upload.wikimedia.org/wikipedia/commons/d/d9/Geographic_coordinates_sphere.svg
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Thus the horizontal velocity components are
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x = positive toward east
y = positive toward north
z = positive toward zenith
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u
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 wind component toward east
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v
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 wind component toward north
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w
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 wind component toward zenith

l= longitude

= latitude
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The component Equations in Spherical Coordinates

r=a+z



The (x,y,z) coordinates system defined in this way is not a Cartesian
coordinates system , because the directions of the unit vectors depend
on their position on the earth’s surface.

This position dependence of the unit vectors must be taken into account
when the acceleration vector is expended into its components on the
sphere. Thus, we write:

V ui vj wk  

The unit vectors are not constan We need to determine 
what these are
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Where unit vectors are a function of position 
on the earth (not Cartesian)
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At a point (constant x,y,z) none of 

the unit vectors change with time so 

As one moves north or south the i 

direction experiences no change so 
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We first consider dtid /ˆ

i is a function only of x
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From figure on right looking 

down at north pole at latitude :
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This gives us the magnitude, but not the direction.  

Note that is       pointed toward the center of the earth at the original point

i

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We see that     has components in 
the     and      directionsj k

i

The unit vector describing the direction of       has two components:i
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V ui vj wk  

tandV du dv dw u u
i j k u j k

d

dj dk
v w

t dt dt d dtdt a ta

 
       

 

We still need to determine 

what these are

Since the unit vectors are not constan

Let’s do         nextdj

dt

dj j j j j
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dt t x y z
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REMEMBER 
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does not change with time or 
elevation, but does change in the x 
and y directions
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Lets first figure out 
x

j






Look at light gray triangle in (a):

cos sina   

Dark gray triangle is shown in 
a different view in (b) 
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Thus, with the aid of above this fig. we see that for eastward motion:
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Since the vector              is directed in the negative x direction,xj  /ˆ
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From Fig. it is clear that for northward motion
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V ui vj wk  
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Let’s do         nextdk
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does not change with time or 
elevation, but does change in the x 
and y directions
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V ui vj wk  
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A Complication of Spherical Coordinates



idV
m Forces acting on an object
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Newton’s second law in an inertial coordinate system

Newton’s second law in a spherical coordinate system

Now let’s look at the right side of the equation!
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Vector momentum equation in 
rotating coordinates

Total derivative
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Gravity

kgg ˆ


g is a positive scalar = 9.8 m s-2 at earth’s surface
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Momentum Equations in Spherical Coordinates
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The terms proportional to 1/a on the left hand sides are called the 
curvature terms; they arise owing to the curvature of the earth.

Because they are nonlinear (that is, they are quadratic in the dependent 
variables) they are difficult to handle in theoretical analyses.



Any Questions?


