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The Method of Undetermined Coefficients

y'+P(X)y'+Q(X)y = R(X)
y'+P(x)y'+Q(x)y =0

y(x) =y, (x)+y,(X) gs.

In this section we use the method of undetermined coefficients to find
a particular solution y,(x) to the nonhomogeneous equation.

The method of undetermined coefficients is usually limited to when
P(x) and Q(X) are constant, and R(X) Is a exponential, sine or cosine
or polynomial, function.



Example: Find P.S. y” -+ 4y = 3 COS 2X
y, = Asin 2X+ B oS 2X

Y, =2Ac0os2x—2Bsin 2x, y" =-4Asin 2x —4B cos 2x
(—4Asin 2x —4B cos 2x)+4( Asin 2x + B cos 2x) = 3¢0s 2x

(~4A+4A)sin 2x +(—4B +4B)cos 2x = 3¢os 2x
0 = 3c0s 2X Thus no particular solution exists of the formy,,
y'+4y =0 = y(t) =c, cos2X+C,sin 2X

Thus our assumed particular solution solves homogeneous equation
Instead of the nonhomogeneous equation.



Y, = AXsIn 2x + BX €0s 2X
y, = Asin 2X +2Axcos 2x + B cos 2x — 2Bx sin 2x

Y, =2AC0s2X+2Ac0s2X —4Axsin 2x —2Bsin 2x—2Bsin 2x —4Bx cos 2x
=4Acos2x—4Bsin 2x—4Axsin 2x—4Bx cos 2x

V" +4y =3c0S 2X

4ACos2X—4BsIn 2x =3c0S 2X
/AV= 2l B=0

S
yp:szm 2X
: S
Y, =C, COS2X+C, SIn 2x+Zx3|n 2X



Case 3: Y"+ py""qy:ao +a1x+...+anx”
Yo = Ay +AX+..+AX
Yo = X(Ay + AX+...+AX")

The above discussions show that the form of a particular solution

of equation V' +P(X)Y’ +Q(x2]y - R(SX) can often be
Inferred from the form of the right-hand member R(x).



Sxample: Find PS. y"_3y' Ay = 4x° ~1
= AX°+ AX+ A
= 2A X+ A, yh =2A,
2A, —3(2Ax+ A )-4(A X + Ax+ A )=4x* -
—4AXE—(BA, +4A )x+(2A, —3A —4A )= 4X" -
_4A =4, 6A +4A =0, 2A —3A -4A =-1
A=-1 A=3/2, A=-11/8

y Lk A
i 2 8



Example: Find P.S. y” —+ 4y = 8X2

Vo = AX" +AX+A
Yo = 2AX+ A Yo =2R
2A +4(A X+ AX+A)=8X°
4AX°+AAX+(2A +4A,)=8X°
A =2 A =0, b ==l
y, =2x" -1

f



y'+P(X)y'+Q(X)y = R(x)

Particular case 1: If Q=0, polynomial is n+1 degree.

y'+5y'=3+x y, = A X+ AX+A,

Particular case 2: If P=Q=0, polynomial is n+2 degree.

=t = AX +AX+AX+A



Example: Find P.S. y” — 3y’ - 4y = —86)( COS 2X
y, = Ae” cos 2x + Be” sin 2x

Y, = Ae" cos2x—2Ae" sin 2x+Be" sin 2x+2Be” cos 2X

= (A+2B)e* cos2x +(—2A+ B )e*sin 2x
y" =(A+2B)e* cos2x—2(A+2B)e*sin 2x +
(—2A+B)e*sin 2x+2(—2A+ B)e* cos 2x

=(-3A+4B)e* cos 2x+(—4A—3B)e* sin 2x

A:E, Bzg — V. = EeX0032x+£exsin 2X
13 13



If R(X) =R (X)+R,(X)+... 2 Y, =Y, T Yy, T
V" —3y' —4y =3e”* +2sin x—8e* cos 2x
y' =3y’ —4y =3e*
y" =3y —4y = 2sin X
y"'—3y'—4y =—-8e” cos 2x
. 5 10 2

y=——e“""+—C0SX——SIn X+—e" c0S2X+—=e” sin 2X
2 17 i/ 13 13



Problem Page No 97- 1 —c- Find g.s.
y"+10y’ + 25y =14e™
y"+10y"+25y =0 v e

m°+10m+25=0 m =m,=-5
B ={CF cahe Iy , AE >

B = c IR B R TSP e



y, = Ae™(25x° —20x + 2)
V' +10y' + 25y =14e™>
B R A e

Y=Y, +Y, =Ce  +C,xe " +7xe™



R(x) Yy
ec’:lX AeaX
Sin bx Asin bx + B cos bx
cosbx Asin bx + B cos bx
ax"(n=01,.) A, +AX+...+AX
e* sin bx e” (Asin bx + B cosbx)
e™ coshbx e*(Asin bx + B cosbx)



The Method of Variation of Parameters

In this section we will learn the variation of parameters method to

solve the nonhomogeneous equation.

y'+p(X)y +Q(x)y =R(x) (1)
y'+p(x)y' +Q(x)y=0 (2)
y(X) =CY,(X)+C,Y,(X) gs.of (2)

Yo (X) =V (X) ¥, (X)

V, (X)Y,(X)

Y = (VY +V,¥5) + (VY +V3Y,)
(Vl,yl "'V; yz) =0



Y’ :V1Y1’ "‘sz;

Y' =iy ViYL VLY, VoY,

v, (Y1 + Py; +Qyy) +V, (Y5 + Py, +Qy,) +Viy; +Vy Y, =R(X)
VY1 +V,Y; = R(X)

[ ey =0 [ yy,+ vy, =0
ViYL +V2Y, = R(X) Ly vy + YV, Y = ViR(X)

Vo (Y1Ys = Y1Ys) = YiR(X)

Vi (Y1Ys = YiYa) ==Y,R(X)




- —Y,R(x) il y;R(X)

i B _
1 W (Y., Y,) : W (Y1 Ys)

VRO gy = BiR(X)
W(yl Y,) W (Y, Ys)

Y (X) = V1 (X)Y, (X) +V, (X) Y, (X)

_yZR(X) dX-l— y le(X)
W (Y., Y,) W (y;, yz)

Yo (X) =Y



Example: Find P.S.

V" + Yy =CSC X

V'+y=0 m*+1=0—>m=i

Y1 = e

X:e

IX

VIS S

—IX

Y, (X)=C, SN X+C, COS X

W(yl’yZ) D

SIN X COSX
COS X -SInX

=—siN°Xx—c0s° X =-1



— Y,R(X) — COS X CSC X COS X
Vi = OX = dx= dx
: W (Y1, Y,) j -1 i J‘Sin X
= In(sin x)
i Yy, R(X) 4 :jsin XCSCX W
W1 Y.) o

Y (X) = V1 (X) Y1 (X) +V,(X) Y, (X)

Y, (X) =In(sin X)sin X —Xxcos x



—X

§
COS” X
V' +2y'+2y=0 m*+2m+2=0

—ptpi-4q —2++/4-8

Example: Find G.S. y” L 2y’ +2V =

e =T
Y, (X) =€ (c,cosx+c,sin X)
Wiy y)_e " COS X e " sin X |
Y e cosx—e¥sin X -e™sin Xx+e 7 cos X
—2X

=€



Y (X) = V1 (X)Y, (X) +V, (X) ¥, (X)

_yZR(X) dX-I— j le(X) dx

Wy, y 2) W (Y, Ys)

y,(X)=—€" cosxj Ll dx +

* cos® X

Y, (X) =Y

* COS X
e " sin x_[ 0P =

COS X
SIn X

oS> X
= - e ¥ COS XCOS “ X+e*sin Xtgx

— —e7* cos X j dx +e % sin X I sec? xdx



y(X) =€ (C, cosX+C,sin X)+ Y, (X)



Example: Find G.S. y” =l 2y’ +y= 4de ™" In X
y'+2y'+y=0 m*+2m+1=0
—X
m=m,=-1 Y, (X)=(c,+C,Xx)e

e’ xe
W(yl’ yz) T B ! AN e—zx
e e*—xe
Y, (X) =V, (X) Y, (X) +V, (X) Y, (X)

—yzR(x)dX vy, le(x)
W (Y1, Y,) W (y;, yz)

Yo (X) =Y



4o Inx

y,(X)=—€" _f4e i XX + xe j dx
X X
Y, (X)=—4e” (? In X—Z) +4xe" (XIn x—x)

=x°e7*(2In x—4)

y(X) =e7*(c, +¢,X) +xe7*(2In x—4)



Problem Page No 101-3-a Find p.s.
V' +4y =192X
Mm°+4=0->m=1J-4 =42]

12X —12X

Y, =¢€ ", ¥,=¢€

A= st L =2

Y, (X) = V1 (X)Y; (X) +V, (X) Y, (X)



VRO L r GRO) o

Y, (X)=y
i YWy, Y,) W (Y, Y,)
W(y,,V,) = 5 il = 2(cos® 2X+Sin° 2X) = 2
S G A |
yp(x) | costj —SIn 2X tan 2de+
2
in ZXJ. COS 2x2tan 2de

1

- —Ecos 2xjsin 2Xtan 2xdx + :

—SiIn 2xjsin 2 XdX



1 1 1

yp(x) — —Ecos 2xjsin 2Xtan 2xdx+§sin 2x(—§cos 2X)
U=tan2x —du= % o)
_ (:osl 2X
dv =SIn 2xdx _)VZ_ECOSZX
judv = uv—Jvdu =—£sin 2x+£j N

1 . 2 27 COS2X

— —Esin 2x+§ In(sec 2x + tan 2x)

Y, (X) = —Ecos 2XxIn(sec 2x + tan 2x)

A



V'+2y'+5y=0

Y, (X) =

W(yl’yZ) i

Problem Page No 101- 3 —d- Find p.s.

V' +2y'+5y =e""sec2x

Y, =€ C0S2X, Y, =€ sin2X

H yZR(X) dX y le(X) dX
W (Y1, Y,) W (Y, Ys)

e" coS2X e’sin2x

Y1

—e"(C0S2X+2sin2x e " (2c0S2x —sin 2x

m,=-1£2i

Ze—ZX



1 —X 1 X =
yp(x):—Ee costjtaandx+§e S|n2xjdx

yp(x):—%eX COS 2X | (—%In(cost) |

+%eX sin 2x(x)

y JEGE %ex cos2x| (In(cos2x) |

+Ee‘xxsin 2X
2



Problem Page No 101- 4 - a Find g.s.

(X*=1)y"—2xy'+2y = (x* =1)°

" 2X r, 2 (vl
g ENS NI
dex

y=eor xor % 727 ylv _[—e
J‘ yl

J‘ 1 Inl—x )dX
yg _C1y1+C2y2

X2
_yZR(X) dX-l- y le(X)
WY, Ys,) W(y,, yz)

dx

Y, —vyl—Xj

Yo (X) =






