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Homogeneous Equations with Constant Cog

y'+py' +aqy=0 7

whose coefficients p and g are constant:

y=e™ yr:memx y" =m-e

m’e™ + pme™ +qge™ =0
(M* + pm+q)e™ =0

Characteristic m2 + pm+q = 0

Equation
_—pEyp’—4g
2

ml’ m2



2
Case 1: Distinct real roots m;, m, m,,m, = — P£V P-4

2
p*—49>0y, (x)=ce™ +c,e™ gm K
Case 2: Equal real roots m;= m,=m
p2 —49=0 y — ™ :e(—p/Z)x
1
Pd 1
V= —e g “dX = - e Pdx = x
y1 e P

v,=vy, Y (X)=ce” +c,xe



Case 3: Distinct complex roots my, m, m m, =— pEy P’ —4q
2
2
p°—49 <0

m,m,=axhi i"=-1 ¢“=cos@+isin @
y, =e™ =gy, = e™ (cosbx +isin bx)
y, =e™* =gl 'y, =e™(coshx —isin bx)

y a(a+ib)x
Jl_

__ ~21bx
2




1 ax
Y3=§(y1+y2)=e COS bx C,=C, =

Y =%(y1—y2)=eaxsin 04 G =6

ﬁzcotbx;&k

Ya
Y, (X) =C,y, +C,y, =e”(c, coshx+c, sin bx)



a+ib) C\W/ N\

- yl e( 21bx ?
= = _ =@ k . N
y2 e(a—lb)x 7 [%))\1 %}
(a+ib)x (a-ib) X
y,(X)=ce  +Ce -

clzé(A—iB) | czzé(AJriB)

A-IB i« A+IB -
€ A e

2 2 )

Yy (X) =€



Y, (X) =e¥| %(A— iB)(cos bx + i sin bx)
+%(A+iB)(cos bx—isin bx) |

Y, (X) =e™ (Acosbx + Bsin bx)



Summary of Cases I-I1|

Case Root of Basis of General solution
oo _—PEYP’-4g solution
117772 2
Distinct real mx ~Mm,X m,; X m, X
; m,, m, e , € 2 yzcle1 -I_Cze2
Equal real roots ~ ~ . —px/2
2 m= -p/2 e ™2 xg 2 |y =(C, +C,X)e
Distinct complex _ i B
: roots e ™?sinbx | y=e™?*(c, coshx

m,=-p/2+ib

m,=-p/2-ib

e P2 coshx

+C, SIn bx)




Example: Find G.S. y” — 8y' —|—15y — O : :

y _ emX yf — memX y” I
m’—-8m+15=0 .

- p+p?-4q 8+64-60

m,,m, , = ) =5&3

y(X) =ce”™ +c,e”



"—-3y'+—y=0

y —oYy 4y
y — emX y, _ memx yrr _ I,nZemX.
m’-3m+9/4=0
—pt.p° -4 +4/9—
m,,m, = B 4 _3£48 9:m1:m2:3/2

2 2

3 3

—X —X
y(X) =Ce? +C,xe’



Example: Find G.S. y” — 4y’ -|-13y — O :

m° —4m+13=0

B e .
>

4+16-52 4+-36
2 2
y(x) =e™(c, cos 3x +c, sin 3x)

ml’ m2

=213l




Example: Find P.S. {%\\W/ \

Fay-2y-0, yO-4 y(O/L Ny

m’+m-2=0, Y, =ce+ce .
/ X —2X
= m=1-2 y, =Ce —2C,e
y,(0)=c +c,=4
Yy(0)=c,—2¢c, =-5

y, =¢" +3e

—C =1 ¢,=3

—2X



The Method of Undetermined Coefficients

y"+P(X)y +Q(X)y = R(X)
y'+P(x)y' +Q(x)y =0
y(x) =y, (X)+y,(X) gs.

In this section we use the method of undetermined coefficients to find
a particular solution y (x) to the nonhomogeneous equation.

The method of undetermined coefficients is usually limited to when
P(x) and Q(X) are constant, and R(X) Is a exponential, sine or cosine
or polynomial, function.



e —\
R(X) = <sin bx, cos bx %

n
8, +aX+...+a,X

Casel: Y'+py +qy=e* <
y, =Ae™ = y =aAe™, y’ =a’Ae”
A(a’ + pa+q)e®™ =e*

A=— 1 m?>
a + pa—+(Qg

pm+q=0



y, = AXe” =y, = Ae” +aAxe”
y' =aAe™ +aAe™ +a° Axe™
y'+py'+ay =e”
A(@’ + pa+q)xe™ + A(2a+ p)e* =e*

0

1
28+

A

This gives a valid coefficient for above solution except a=-p/2



y AXZ ax \

n
A(a® + pa+Q)x°e aX+2A(2a+ p)xe™ +

A—— -
2

To summarize: if a is not a root of the auxiliary equation
m2+pm+g=0 then * has a P.S. of the form Ae®X,

If aisasimple root of m2+pm+qg=0 then* has no solution of the
form Ae® but does have one of the form Axe®x,

If a Is double root, then * has no solution of the form Axe&* but
does have one of the form Ax?2eax

y'+py' +ay =e”




Example: find G.S. y 3y 4y 36 {_;%\/ \
y' -3y —4y=0 2_3m_4~ %E\
e )

m,m, = 2* -41 Y, =Ce”+Ce

a=2, m#a
y, =Ae” =y =2Ae”, y; =4Ae”
AAe?* —B6A* —4Ae” =3

L o
—6Ae” =3 A=-1/2 Yy,=--¢€

2
y(X)=ce”+c,e” - % e



Example: find G.S. y 3y 4y 36 \§ / \

y"—3y'—4y =0 m3m4cﬁﬂ\ N\

M m, =5 J§+16_4,—1 y, =Ce" +ce
a=-1 m=a Y, =Axe" y =Ag"-Axe"
y, =—Ae” —Ae” +Axe” A:_l

5

y(X)=ce™ +c,e™ - % xe™



=\
Example: find G.S. y” —10 y' -+ 25y — eSX ?\\ \

y'—10y'+25y =0 m’-10m+ %&\ %}

m,m,=5++/25-25=5
Y, =C€™+C,xe™ since m=m,=a .
y, = Ax’e”™ Yy =2Axe" +5Ax’e”
y' = 2Ae” +10Axe™ +10Axe™ + 25Ax’e”

1 1
Al y, ==Xe"y(X) = ce” +c,xe” + = x>

2 2 2




{_\
Case 2: Y+ Py’ +0y = sin bx =

Y, = AsIn bx + B cosbx f% %}

y, = Abcosbx —Bbsin bx
y" =—Ab*sin bx—Bb* cosbx
sin bx(—Ab” — pBb + gA) +
cosbx(—Bb? + pAb+ gB) = sin bx
A(q-b?)—pBb=1 Apb-B(b*-q)=0



As before, the method breaks down if P.S. satisfies the homogeneous equation
corresponding to * the procedure can be carried through by using:

Y, = X(Asin bx + B cosbx)
Example:Find P.S. y'—3y'—4y =2sIn X
y=Asin X= Yy =AcosX, y' =—AsIn X

— Asin X—3Acosx—4Asin X =2sIn X

(2+5A)sin x+3Acosx =0
C,SIn X+c,cosx=0

Since sin(x) and cos(x) are linearly independent (they are not multiple
of each other), we must have ¢,= ¢, =0, and hence 2 + 5A = 3A =0,
which is impossible.



y, = Asin X+ Bcos X
y, = Acosx—Bsin x, y; =-—Asin Xx—BcosX
V' =3y —4y =2sin X

(— Asin x—Bcosx)—3(Acos x - Bsin x)—4(Asin x+Bcosx) = 2sin x

(~5A+3B)sin x+(—3A—5B)cos x = 2sin X

_5A+3B=2, —3A-5B=0
g A=-5/17 B=3/17
S
Y, = ——SiN X+—COS X

17 17



Euler Formula

e = cos X +isin X

Proof:
s 2 3 00 n
X =1+ X4 2 +---=ZX— -
21 3 I
I\/Iaclaurin< , . 3 B .
Series cos(X) =1— X n X X +,,,:z(_1) X
21 41 6l " (2n)!
3 5 7 o0 __1\n 2n+l
S sin(X) = X — =+ 2 _X_+"':Z( 1)"x

3 5 7 ~ (2n +1)!



e = cos X +isin X

= \2 “,\3 o [
- . IX IX IX
e'X:1+|x+( ) +( ) +---:§ (1)
13 ~ I -
X2 x> x' x> x° X’
=l+X-—-+—+—-——-——+




