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Velocity Resonance

Example: The exponential damping factor  of a spring suspension system is 

one-tenth the critical value. If the undamped frequency is 0, find (a) the 

resonant frequency, (b) the quality factor, (c) the phase angle  when the 

system is driven at a frequency =0/2, and (d)the steady-state amplitude 
at this frequency.
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The Nonlinear Oscillator. Method of Successive Approximations

( )F x kx  Linear Oscillator 

( ) ( )F x kx x   Nonlinear Oscillator

2 3
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We shall find the solution by the method of successive approximations.
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Suppose we try a first approximation of the same form
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Example: The simple pendulum as a nonlinear oscillator
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Chapter 3 Problems
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( ) sin( )x t A t  
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Some concepts for oscillations  

simple 
harmonic
oscillation:

natural
frequency:

forced
oscillations:

undamped 
oscillations:

damped 
oscillations:

A force causes the system to return to some equilibrium 
state periodically and repeat the motion

Resonant oscillation period, determined by physics of the
system alone.  Disturb system to start, then let it go.
Examples:   pendulum clock, violin string

Idealized case, no energy lost, motion persists forever
Example:  orbit of electrons in atoms and molecules

Oscillation dies away due to loss of energy, converted to 
heat or another form.  Example: a swing eventually stops

Undamped natural oscillation with F = - kx (Hooke’s 

Law); i.e. restoring force is proportional to the 
displacement away from the equilibrium state

External periodic force drives the system motion at it’s own 
frequency/period, may not be the resonant frequency

restoring 
force:
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Forced oscillations and resonance

• Swinging without outside help – free oscillations

• Swinging with outside help – forced oscillations

• If ωd is a frequency of a driving force, then 

forced oscillations can be described by:
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Graphs

 The graphs show:

 (a) displacement as a 
function of time

 (b) velocity as a function 
of time

 (c ) acceleration as a 
function of time

 The velocity is 90o out of 
phase with the displacement 
and the acceleration is 180o

out of phase with the 
displacement 
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Write the equations of motion for the following:

Writing the Equations of Motion: Example 3

1d

1k

1m 2m
2k

2d

 1221111110 xxkxkxdxm  

 21222220 xxkxdxm  
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( )( ) i tx t Ae  

( )( ) i tx t i Ae    2 ( )( ) i tx t Ae    

2 ( ) ( ) ( )

0
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0 0 (cos sin )im A ic A kA F e F i        
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2 2 2 2 2 2 2
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SHM is the projection of uniform circular motion on a line in the plane of the 

motion. One period of SHM can be divided into 3600.
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